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Dynamic One-Equation Nonviscosity
Large-Eddy Simulation Model

Eric Pomraning* and Christopher J. Rutland’
University of Wisconsin, Madison, Wisconsin 53706

A new approach for a nonviscosity large-eddy simulation (LES) subgrid stress model is presented. The approach
uses a scaling that is provided by the subgrid Kinetic energy and a tensor coefficient that is obtained from the
dynamic modeling approach, hence, a dynamic structure model. Mathematical and conceptual issues motivating
the development of this new model are explored. Attention is focused on dynamic modeling approaches. The
basic equations that originate in dynamic modeling approaches are Fredholm integral equations of the second
kind. These equations have solvability requirements that have not been previously addressed in the context of
LES models. These conditions are examined for traditional dynamic Smagorinksy modeling, that is, zero-equation
approaches, and one-equation subgrid models. It is shown that standard approaches do not always satisfy the
integral equation solvability condition. It is also shown that traditional LES models that use the resolved scale
strain rate to estimate the subgrid stresses scale poorly with filter level, leading to significant errors in the modeling
of the subgrid scale stress. The poor scaling in traditional LES approaches can result in not only weak models,
but can also cause nonrealizability of the subgrid stresses. A better scaling based on the subgrid kinetic energy
is proposed that leads to a new one-equation nonviscosity model that does satisfy the solvability conditions and
appears to maintain realizability. Both integral and algebraic formulations of the new one-equation nonviscosity
model are presented. The resolved and subgrid Kkinetic energies are shown to compare well to a direct numerical

simulation of decaying isotropic turbulence.

Nomenclature

characteristic matrix

one-equation model viscosity coefficient
Smagorinsky model coefficient

one-equation model dissipation coefficient
one-equation model coefficient at the first filter level
Smagorinsky model coefficient at the first filter level
one-equation model coefficient at the test filter level
Smagorinsky model coefficient at the test filter level
tensor coefficient in the dynamic structure model
one-equation model diffusion coefficient

vector

absolute term in a Fredholm integral equation

filter function

vector

identity matrix

subgrid kinetic energy at the test filter level

subgrid kinetic energy at the first filter level
Leonard stress tensor

Leonard dissipation term

pressure

strain rate tensor

subgrid stress tensor at the test filter level

velocity vector

square of length scale in infinite series expansion
model for subgrid stress tensor at the test filter level
model for subgrid stress tensor at the first filter level
filter width at first filter level
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A, = filter width at second filter level
A = filter width at test filter level
8 = ratio of the second filter width to the first filter width
8ij = Kroneckerdelta
£ = dissipation of subgrid kinetic energy

at the first filter level
&4 = sink term for dissipation at the first filter level
& = dissipation of subgrid kinetic energy

at the test filter level
A = parameter, eigenvalue
v = kinematic viscosity
v, = Smagorinsky turbulent viscosity
Vik = one-equation turbulent viscosity
T = subgrid stress tensor at the first filter level
Ty p = unclosed term in dissipation equation
Tyuu; = triplecorrelationterm in subgrid

kinetic energy equation
Tyuu; = unclosedterm in dissipation equation
Tuge = unclosed term in dissipation equation

= flow variable

v = kernel of Fredholm integral equation

I. Introduction

HIS paper presents a new nonviscosity approach for modeling

subgridstressesthatarisein large-eddy simulations (LES). The
new approachis motivated by many difficulties with current subgrid
modeling approaches. The new method takes full advantage of the
powerful dynamic approach first presented by Germano et al.! It
avoids the inaccuraciesand inconsistenciesinherentin relating sub-
grid stresses to the resolved scale strain rate tensor, which is the ap-
proach that is widely used in viscosity-based models. The dynamic
structure model obtains the tensorial structure directly from the dy-
namic approach and uses a subgrid kinetic energy term to provide
the correctscaling. The kinetic energy termis obtained from a trans-
port equation that provides a budget between resolved and subgrid
scales. The subgridkinetic energy transportequation has two impor-
tant benefits. First, it maintains numerical stability while allowing
for a non-viscosity modeling approach. Second, there are strong in-
dications that the subgrid transport equation approach works better
than other approachesin engineeringapplicationsin which both the
grid resolution and quality are often compromised
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II. LES Modeling Background

LES imply a first filter scale (or grid) that is usually chosen to
be the numerical grid size. Note that the first filter is arbitrary and
can be chosen to be any size desired. In fact, a first filter that is
larger than the grid size may be desirable. The dynamic approach
introduces another, equal, or larger test filter scale. The scaling of
various common LES models at these different filter sizes becomes
an important issue with significant consequences on solvability of
the underlying equations and the realizability of the models. To
understandtheseissues and, thus, the motivation for the new model,
itis important to briefly review basic LES concepts.

LES is based on the decompositionof a flow variableinto resolved
and subgrid scale terms. The resolved terms are solved for using
transport equations, whereas the subgrid terms and their effects on
the resolved scales are modeled. For example, any flow variable can
be decomposed as

¢ =0, + 9, (1)

where @, is the filtered variable (or resolved scale) and @] is the
subgrid scale variable. The filtered variable is defined through the
use of a filtering function as

%u#i/GWW@@My 2)

|4

where G (x,y) is the filter function, which must satisty
fG(x,y)dy =1 3)
|4

Typically, the filtering function is either a box or a Gaussian filter.?
As noted earlier, the filter length is frequently chosen to be the
grid size; this filter is commonly designated the grid level filter.
Applying the filtering definition for a uniform nondeforming grid
(here, the filter is assumed to be a function of the grid size) to the
incompressible Navier-Stokes equations gives*?
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i
where the subgrid scale stress tensor is

Tij = Tu, - ”_z”_, (5)
These equations are exact; no modeling assumptions have been
made at this point.° Note that the commonly used phrase subgrid
scale stress tensor is an unfortunate choice of terminology because
itis not necessarily related to the actual subgrid scale stress tensor,
thatis, 7;; # u; u’, for most filters. Nevertheless,to be consistent with
the literature, the term subgrid scale stress tensor should be under-
stood to mean t;; in this paper. It is necessary to model the subgrid
scale stress tensor because it cannot be readily determined from the
resolved field.

Several models for the subgrid scale stress tensor have been pro-
posed, but we believe that they are all lacking in some way. In our
opinion, an ideal model should approximate the actual subgrid scale
stress tensor closely. A model that fails this test does not properly
capture the physical processes. It has been suggested that subgrid
models only need to provide the right forcing in Eq. (4) so that the
resolvedscale statistics can be correctly computed.” However, this is
a limited view, especially as LES evolves toward more complex en-
gineering flows. In these situations, subgrid models for other terms
such as scalar transport, sprays, wall functions, and combustion
will be required. Having the physically correct subgrid stresses will
greatly augment the modeling of these other processes just as hav-
ing the turbulent kinetic energy is essential in Reynold’s-averaged
Navier-Stokes modeling.

Other important aspects of the ideal model are that it should
properly dissipate energy from the resolved scales and allow for
backscatter® The model should be realizable, frame invariant, and
well posed. It should not require a priori knowledge to set model
constants properly. At this time, we are unaware of any models

that satisfy all of these requirements. Note that the ideal model just
described should not be confused with the ideal model of Langford
and Moser.’

A. Universal Coefficient Viscosity Modeling

In general,a weaknessof all LES eddy viscositymodelsis that the
viscosityis applied over all wave numbers in the wrong proportions;
additional dissipation is added where it is needed (at the higher
wave numbers) and also where it is not necessary (at the lower wave
numbers). Locally, energy can flow in either direction, from the
subgrid scales to the resolved scales, (for example, backscatter®)
or vice versa. A viscosity model is purely dissipative and cannot
represent this process properly.

The justification for a viscosity is that it is consistent with the idea
of an energy cascade, that s, the net energy flow is from largerscales
to smaller scales. However, this argument may only be valid with
a large sample size that might occur in ensemble- or time-averaged
models. In the case of LES, where the concept of ensemble and
time averaging has been removed, this argument is not valid and,
therefore, the use of a viscosity energy cascade cannot be strictly
justified.

The strength of viscosity models is that they often improve the
numerical stability of the simulation. In addition, in an ensemble
sense, they may remove the proper amount of energy from the re-
solved scales. However, the improved stability and proper resolved
scale energy removal comes at the expense of properly representing
the fluid dynamics. Thus, in general, for a viscosity model to per-
form well the simulation will have to be very well resolved so that
the error in model will not significantly pollute the solution.

1. Smagorinsky Model

Probably the most commonly used subgrid scale model is the
Smagorinsky viscosity model!® At the root of the model is the
assumption that the subgrid stress tensor is a scalar multiple of
the strain rate tensor. This assumption has recently been shown by
Jimenez and Moser to be invalid.!! In fact, the subgrid stress tensor
correlates very poorly with the strain rate tensor as is demonstrated
later in this paper. Despite this problem, the Smagorinsky subgrid
scale stress tensor'® is

T =—2v,5; + 281 Tk (6)
where
v = C,A%|S| )

and the filtered strain rate tensor is defined as

— 1 (0w ou;
! 2(ax.,» + axi) ®)

and the magnitude of the strain rate tensor is
_ —_— 4
181 = (255'5;)° ©)

When the form of the model is examined, that is, a viscosity model,
it is clear that energy can only flow from the resolved to the sub-
grid unless a negative coefficient is used. Even though the modeled
subgrid stress tensor does not correlate well with the actual sub-
grid stress tensor, if the parameter C; is chosen appropriately, the
Smagorinsky model'® may dissipate the correct ensemble-averaged
energy from the resolved scale. However, the model may remove
too much or too little energy locally even though the net energy
dissipation could be correct.

An additional problem with the Smagorinsky model'” is that it is
difficult to determine the best model coefficient. It seems likely that
for complex engineering flows that a single appropriate universal
coefficient may not exist. In fact, for complex engineering flows,
a wide range of model coefficients has been reported.”> Modeling
complex turbulent flows using the Smagorinsky model'® requires
a priori knowledge of the flow to set C; correctly. Some of these
difficulties are addressed by the dynamic Smagorinsky model'® dis-
cussed hereafter.

110
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2. One-Equation Eddy Viscosity Model

Recent work by others>'3 has demonstrated that LES subgrid
stress models can be improved by incorporating a transport equa-
tion for the subgridkinetic energy. This one-equationapproachmay
allow for coarser grids than can be used for a comparable problem
with a zero-equation model because some subgrid information is
availablefor the formulationof subgrid scale models. The exactsub-
grid kinetic energy equation for incompressible flow can be written
as

ok dujk aP _aP 93 (1 —
+——=—ui—tu— - — S Twiuju; — U;T;;

9 ox; 9x; ox,  ox; \2
9%k —_
Vv - Tijsij — & (10)
0x;0x; Y
where
k:é(uiui_u_iu_i) an
ad 1-8 i ad i ad i
N (T T T I (12)
ax_,» ax_,» an 8x,»

Tu,‘u,‘uj :”z”_z”,_mu_, (13)
Again, the designation subgrid kinetic energy is a poor choice be-
causek is not the actual subgrid kinetic energy, thatis, 2k # u’ u! for
most filters. Nevertheless, to be consistent with the literature,>'* k
will be referred to as the subgrid kinetic energy in this paper. The
subgrid kinetic energy equation can be modeled as

ok  dujk a dk 0%k —
——f—L = —(DAk%—)-f—v —1;8;,—¢ (14)

ot 0x; 0x; 0x; 0x;0x;
where
e=C.(k1/A) (15)
T = _ZVIkE + 2k§;; (16)
vy = CekE A (17)

and D, C;, and C, are model coefficients Again, at the root of this
model is the assumption that the subgrid stress tensor is a scalar
multiple of the strain rate tensor [Eq. (16)]. Because this is not
the case, the model will not accurately represent the actual subgrid
stress tensor. In addition, to use this model, the user must specify
appropriate universal coefficients.

B. Dynamic Modeling

Because it is difficult to set universal model coefficients without
apriori knowledge, it is evident that a model that dynamically deter-
mines the coefficients from the resolved field as a function of both
time and space would be better. This canbe readily accomplishedus-
ing the dynamic modeling approach that was proposed by Germano
etal.! This approachis based on an assumed self-similar scaling be-
tween resolved and subgrid scales and a mathematical identity that
arises. Models using the dynamic approach have become widely
used. To formulate a dynamic model, a second filtering operation,
which is designated the test level filter, is required. The test filter
operation is defined in a similar manner as the grid filter operation
except that the test level filter characteristic length A is required to
be equal to or larger than the grid level filter characteristic length
A.

With the use of the definition of the test filter, a stress tensor at
the test level can be defined by

T, =Tu; —u; u; (18)

The grid level stress tensor and the test level stress tensor are related
by the Germano et al. identity'

ij

where the Leonard stress term L;; is defined by
Lij = -u_z-u_/ - ”_z”_, (20)

The Leonard stress term can be readily determined from the resolved
velocity field in an LES simulation. Thus, Eq. (19) is extremely
useful becauseitrelates the unknown stress tensors at the two scales,
7;; and Tj;, to a known tensor L;;.
1. Dynamic Smagorinsky Model

The next step in formulating a dynamic LES subgrid model is
to postulate a model for the two stress tensors. Various approaches
can be taken. If it is assumed that the subgrid stress scales with the
strain rate tensor, the Smagorinsky model'® can be used. As dis-
cussed earlier, this assumption cannot be justified without resorting
to ensemble averaging, which is not consistent with LES concepts.
Nevertheless, using the dynamic approach with Smagorinsky mod-
els gives rise to

Tij = —2C1JA2|§|§,’ + %(Si.,"tkk 21)
T, = —2C5, A?(S[S; + 18, T (22)

Substituting these modeled stress tensor terms into the Germano
etal.! identity gives the dynamic model

Ly — 18 Ly = 0 Coy —B7C), (23)

where
o = —2A28[S, (24)
Bij = —24°I3[S; (25)

The dynamic Smagorinsky coefficients, C;, and C,,, cannot be
found from Eq. (23) as formulated. Commonly, two furtherassump-
tions are made to make the model usable. First, it is assumed that
the underlying Smagorinsky model scales with the filter level, and,
therefore, the coefficients can be assumed equal. This scaling as-
sumption cannot really be justified and is explored in more detail
later in the paper. Second, the resulting single coefficientis assumed
to vary slowly in space so that it is justifiable to move it outside of the
integral. Note that this assumption cannot be justified a posteriori.'?
With these two major assumptions, Eq. (23) becomes

Lij - %(Si_il’kk =C, Mij (26)
where
M;; = o — Bij 27

The problem has now been reduced to a set of nine algebraic
equations(six when symmetry is considered). To reduce the problem
to a single algebraicequation, Lilly'* proposed using a least-squares
technique to minimize the error resulting in the following single

algebraic expression:
L;;M;;
MMy

The dynamic coefficients obtained in this manner may be pos-
itive or negative. A positive coefficient implies that energy flows
from the resolved to the subgrid scales, whereas a negative coeffi-
cient implies energy flows from the subgrid scales to the resolved
scales. Whereas this backscatter behavior has a physical basis,® in
practice, for this formulation, it can be excessive.'* The unchecked
modeledbackscatterleads to numericalinstability thatis usually ad-
dressed with additionalad hoc averagingeitherin homogeneousspa-
tial directions' or in time.!®> The spatial averaging becomes difficult
in applications without homogeneous directions. This has severely
limited the use of this model unless drastic measures are taken such
as arbitrarily restricting the model coefficients in Eq. (28) to be
positive. Note that even though the dynamic model allows for the
modeling of backscatter, a simple negative viscosity (or coefficient)
cannotaccurately represent the complex phenomena of backscatter.
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2. One-Equation Dynamic Model

An alternative dynamic modeling approach has been described
by Ghosal et al."® to address the numerical instability associated
with the unchecked energy flow from the subgrid to the resolved
scales. A transport equation for the subgrid turbulent kinetic en-
ergy is added to the dynamic model to enforce a budget on the en-
ergy flow between the resolved and the subgrid scales. To that end,
the subgrid stress tensor models are required to be a function of the
subgrid turbulent kinetic energy. The one-equation model for the
stress tensors are given by

1 = —2C, AKTS + 28,k (29)
T,; = —2C, AK*S; + 25,K (30)

where the grid and test level turbulent kinetic energies are defined
by

k= é Uity — U; U;) 3D

K=i@n -wm) (32)

The grid level subgrid scale turbulent kinetic energy is found from
the transportequation given in Eq. (14), where the coefficients may
be dynamically determined.® The test level and grid level turbulent
kinetic energies are related by the trace of Leonard term so that
another transport equation for K is not required:

Again, if the model for subgrid stress tensors scales with the filter
level, then the coefficients C; and C,, in Egs. (29) and (30), can be
replaced by a single coefficient, C. Now, the integral equations can
be written as

Ly — 18, Ly = a,C —p5C (34)

where
o; = —2AK?T, (35)
B = —20kTS,; (36)

Note that the coefficient C is properly left inside the integral. To
solve for C, in this form, the integral equations may be recast as a
variational problem to find the best fit for C. The result is a single
Fredholmintegral equation of the second kind, which can be solved
using an iterative method.

The one-equation dynamic model of Ghosal et al.'* was shown
to compare well with direct numerical simulation (DNS) results. It
addressesthe problem of negative model coefficients and the inverse
energy cascade by enforcing a budget on the subgrid energy. How-
ever, the solvability of the integral formulationis not addressed, and
there is indication that the iterative solution for the coefficient C did
not always converge. Also, the model is not strictly realizable,'> '
as discussed hereafter. In addition, scaling issues between the two
filter levels that the dynamic modeling approach depends on were
not investigated.

III. Coefficient Isotropy and Scaling

The issuesbroughtoutin the models justdescribed have prompted
an examination of the assumptions and requirements of subgrid
models. All of the modelsmentionedand most LES models currently
in use relate the subgrid stress tensor to the strain rate tensor by
a scalar coefficient. In other words, they assume isotropy in the
coefficient. Also, in the case of most dynamic models, it is assumed
that the subgrid stress model coefficients scale with filter size at both
filter levels. In this section, a more thorough investigation of these
modeling assumptions is made.

To investigate these assumptions, a DNS of fully developed
isotropic turbulence, using a pseudospectral code,!” with a Taylor
scale Reynolds number of approximately30, is used. The DNS used

a 64° grid, and the results were filtered to determine the LES sub-
grid modeled stress tensors. A modest flowfield is chosen because of
the computational expense of solving Fredholm integral equations,
whichis requiredin Sec. V. The LES grid filter length scale A is set
to twice the DNS grid size, and the LES test filter length scale A is
set to four times the grid size.

The isotropic, scalar relation assumption is checked using the
one-equation LES model of Ghosal et al.'* and the nondynamic
Smagorinsky model.!” The exact subgrid turbulentkinetic energy k
is determined by filtering the DNS field appropriately. The subgrid
scale stress tensors are modeled by more general forms of Eq. (29)
and (21), in which a full set of coefficients are retained to check the
isotropic assumption. This is done strictly to evaluate the validity of
the isotropic scalar relation and is not part of a proposed model. In
this case, the evaluation models become

Tij = _2C1|ij]Ak%r'j]+ %Sl,k (37)
Tij = _2Cl|ij]A2|§|m + %(Si.,"tkk (38)

Note that, throughout this paper, the square brackets indicate no
summation on repeated indices, and this notation is only used when
checking modeling assumptions. With these expressions, the six
coefficients are determinedby equating the exactsubgridscale stress
tensor, obtained from the DNS field, to the modeled stress tensor
terms. The coefficients determined in this manner at the grid level
are denoted as CONS, whereas the coefficients determined at the

11ij1°
test level in this manner are denoted by CENS. Note that the set of

coefficients Cy(;;; and Cy;;; do not form aZIte]nsor, they are simply
a set of coefficients used for checking the coefficient isotropy and
scaling. Thus, the analysis that follows is only correct for the frame
of reference considered for this test. However, if a model performs
poorly in any frame of reference, then the model is lacking. With
the coefficients determined from DNS, a normalized variationin the

coefficients at the grid level can be defined by

legs - e
o= |CDNS|/9 (39)
1{ij]

This expressionquantifies the variationfrom a reference value taken
as the local C}Y term. The variation is evaluated at all grid points
and for all i and j terms (with the exceptionof i = j = 1) to form
a probability density function (PDF) that is shown in Fig. 1. The
spread in the PDF away from zero is very broad, which indicates a
wide variation in the six coefficients. Because there is a wide varia-
tion in the model coefficients, the isotropic coefficient assumptionis
difficult to justify. At the root of the problem is the assumption that
the subgrid stress tensoris related to the strainrate tensor by a scalar.
The second modeling assumption issue to address is whether the
grid and test level stress tensors scale with the filter size. This is
addressedin a manner similar to the firstissue. Thisissue of scalingis
central to the accuracy of any dynamic model because the Germano
et al.! identity exactly relates the difference in the subgrid scale
stress tensors at different scales to the Leonard term. Models that
do not scale properly at the different filter levels will result in a
poor estimation of the actual subgrid scale stress tensor. A PDF of
the normalized variation in the coefficients at the two filter levels is

determined using

_ Jens - cny “
oy = |T (40)
1{ij]

The result of evaluating this variation over the entire domain and
for all indices is shown in Fig. 2. This shows that there is a wide
variation in the stress tensor coefficients at the two different filter
levels. Thus, for this case, the modeled terms do not scale well with
the different filter levels. Because of the poor scaling, the dynamic
modeling approach will suffer, and a model that scales well with

different filter levels should be formulated.
Note that both of the tests for isotropy and scaling were only
performed at relatively low Reynolds number (based on the grid
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Fig. 1 PDFs indicating the variation of the model coefficients from
isotropy, where o is defined in Eq. (39) and values of zero indicate
isotropy.
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Smagorinsky model,'’ Eq. (7)

Fig.2 PDFsshowing the poor scaling of model coefficients at different
filter sizes, where o, is defined in Eq. (40) and values near zero indicate
good scaling.

resolution). Because the simulations were run at low Reynolds num-
bers, it may not be appropriate to conclude that the same difficulties
would occur at higher Reynolds numbers. However, it would seem
reasonable to insist that the models perform well at low Reynolds
numbers and, therefore, that the models that do not perform well
should be improved.

IV. Solvability of the Dynamic Model

Integral equations are fundamental to the dynamic modeling ap-
proachand occur naturally when stress tensormodels are placedinto
the Germano et al.! identity. However, only under certain conditions
can the Fredholmintegral equationsbe solved. Even approachesthat
avoid the integral equations, for example, the minimization tech-
nique of Lilly,'* should consider the solvability conditions of the
underlying equations from which their models are derived. Without
a proper foundation, it is reasonable to expect that difficulties or
inconsistencies could arise.

The general form of a Fredholm integral equation of the second
kind can be written as

b
gx) = f(x)+ )»/ v(x,y)g)dy (41

where f is the absolute term, A is a parameter, and yis the kernel.'
The theorem that governs the solvability of Fredholmintegral equa-
tions is known as the Fredholm alternative.'® Briefly, the theorem
states that a unique solution exists if A is not an eigenvalue of the
associated homogeneous problem

b
g(x) — )»/ Yx,y)g@)dy =0 (42)

In typical LES simulations, the underlying equations do not lend
themselves well to using this theorem for examining the solvability
of the model. Fortunately, an analogous theorem can be shown for
the finite difference approximationsto the equations.

Typically, in LES applications the governing equations are ap-
proximated using finite differences. In these applications, the inte-
gralequationscan be replacedby finite difference approximations.'
Iftheintegralis replaced by a discrete sum, Eq. (41) can be writtenas

1 j AN
gx) —x ; ;w(x, ;)g(;) = f() (43)

Now, if the sum is evaluated only n times at i discrete locations,
then the sum can be written as

i 1 ] i j j i
-] —A —_ -, = - | = -1, = 1, 2, . s
() X5 2)(2) = (5) :
' (44)
Rewriting this equation in matrix form gives
I—-—1A)G=F 45)
and solving for the vector G gives
G=(UI-1A)"'F (46)

Thus, a solution to this discretized Fredholm integral equationexists
provided A is not a root (or eigenvalue) of the expression

detd —2A) =0 47)

Equation (47) is used to evaluate the solvability of dynamic LES
models.

To evaluate traditional dynamic models in which the coefficient
is left inside of the integral, for example, Eq. (34), a minimization
procedure is required to reduce the number of integral equations to
the number of unknowns. Ghosal et al.'* developed a procedure to
minimize the dynamic coefficient while properly leaving it inside of
the integral. For comparison and completeness, the outcome of this
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minimization procedureis shown here. The result of their procedure
is a Fredholm integral equation of the second kind written here as

Cx)=fx+ )»/ ¥ (x,y)C(y)dy (48)
14

where C is the dynamically determined coefficient with

a;; (x)Bi; (¥) a;; (y)Bi; (x)

amn (x)amn (x) amn (x)amn (x)

Yx,y) = (

Sy Bi®B;@C@G(y.2)

Ay () (X)

) Gx,y) (49)

Fx) = Lij(x)aij(x) . ﬂij(x)'kij(y)
Ol (6)Qpy (X) O (X) Qi ()

and A=1.

As shown, if the resulting integral equation is discretized, the
roots of the characteristic matrix can be determined. If A is a root
(or eigenvalue) of the characteristic matrix, then the Fredholm in-
tegral equation is not solvable. This verification was made for both
the dynamic Smagorinsky model (see Ref. 1) and the dynamic one-
equation model of Ghosal et al.'> A modest 16° isotropic turbulent
field was used for this analysis (4096 eigenvalues) because of the
computational expense associated with calculating the roots of the
matrix. However, regardless of the field size, if it is found that the
correspondingintegral equations are unsolvable,then the model has
been shown to be lacking. Figure 3 shows the PDF of the reciprocal

(50

10 E T T T T T T T
1F
3 L
S
01
001 1 1 1 1 1 1 1
0 0.2 04 0.6 0.8 1 12 14
1/x
Dynamic Smagorinsky model (see Ref. 1)

100 T T T T T T T

0.001 1 | | 1 | 1 1

0 0.2 04 0.6 0.8 1 1.2 14
172
Model of Ghosal et al.l3

Fig.3 PDF of the reciprocal eigenvalues of the characteristic matrix.
The eigenvalues span unity for which the Fredholm integral equation is
unsolvable.

eigenvalues (1/A) for the characteristic matrix. As can be seen, the
spectrum of eigenvalues spans unity for both models, and, there-
fore, there is a possibility that the model may be unsolvable. At
any single time, it is unlikely that an eigenvalue of the character-
istic matrix will be unity. However, when one considers that the
eigenvalues are continuous in time, it is very likely that there are
times when an eigenvalue of the characteristic matrix is unity, and,
thus, the problem cannot be solved. Furthermore, any eigenvalue
close to unity may make it difficult to find a converged numerical
solution. When Fig. 3 is referred to, it is possible to determine the
fraction of integral equations that will not be numerically solvable
for the test case considered. Of course, for different cases the PDF
of eigenvalues will be different. It may appear that the solvability is
an innocuous problem, but if the integral equations are unsolvable
at any time, the simulation cannot proceed with any confidence.
Based on the authors’ experience, solvability will be an issue for
the integral equations on a regular basis.

V. One-Equation Nonviscosity Dynamic Model

To address some of the mathematical and conceptual difficul-
ties in the common LES models, a new one-equation nonviscosity
dynamic model (dynamic structure model?’) has been developed.
Instead of modeling the stress tensor using a turbulent viscosity,
an attempt is made to estimate the stress tensor directly. (Note that
the reference to nonviscosity refers to the absence of a turbulent
viscosity in the model; it does not mean that the molecular viscos-
ity has been removed from the governing equations.) A transport
equation for the subgrid turbulentkinetic energy is added to the dy-
namic model to provide scaling and enforce a budget on the energy
flow between the resolved and the subgrid scales. The one-equation
model for the grid and test level stress tensors are given by

Tij = Gijk (51)
Tij =c;K (52)

This model obtains the tensor structure of the subgrid stresses from a
tensor coefficientrather than from the resolvedscale stresstensor. As
shown hereafter, the tensor coefficient is found using the Germano
etal.! identity. Additionally, it is reasoned that because the subgrid
kinetic energy is related to the trace of the subgrid stress tensor, a
model of this form will scale well at the two filter levels. For this
reason, it is assumed that the tensor coefficient is the same at both
filter levels. Clearly, by assuming a single tensor coefficient, we
have implicitly assumed that the two subgrid stress tensors and the
Leonard term are aligned. Of course, scale similarity models also
make use of the alignment assumption?! =2* The validity of this
assumption is checked hereafter.

Substituting these models for the two stress tensors into the
Germano et al.! identity gives the following:

L= Kc;; —%t;; (53)

Note that the coefficient tensor ¢;; is properly left inside the in-
tegral indicated by the curved overbar. The result is a set of six
(the stress tensor is symmetric) Fredholm integral equations of the
second kind that can be solved using an iterative method. Alter-
natively, an algebraic form of the model is obtained by assuming
the tensor coefficient can be removed from the integral in Eq. (53).
Both the integral and algebraic form of the model are investigated
hereafter.

In typical LES models, the structure of the subgrid stress tensor
comes from the strainrate tensor. As discussedearlier, thismodeling
approach leads to poor representation of the subgrid stress tensor.
For the nonviscosity model, the structure of the subgrid stress ten-
sor comes from the Leonard term. The structure of the new model
can be seen in the algebraic form where the tensor coefficient is
removed from the integral in Eq. (53) (note that to justify remov-
ing the coefficient from the integral the coefficient should not be a
strong function of space). The algebraic model for the subgrid stress
tensor becomes

Tij = Lij (Zk/Lii) (54)
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Fig. 4 Contour plots of ;.

Thus, the new nonviscosity model scales the Leonard term by the
ratio of the subgrid kinetic energy and the trace of the Leonard term.
Note that the algebraic form of the model is similar in form to scale
similarity models and similar to a zero-equation dynamic model
proposed by Liu et al.”* The advantage of the current approach is
that the Leonard term is rescaled with the subgrid kinetic energy k,
and the subgrid kinetic energy transport equation enforces a budget
on energy. This budget removes the need for an added dissipative
term commonly used in mixed models.

With the same 64° DNS simulation of decaying isotropic turbu-
lence described earlier in this paper, the new model for the subgrid
stress tensor is tested against the filtered DNS data. Again, the sub-
grid kinetic energy is calculated exactly from the filtered DNS field.
As can be seen from Figs. 4 and 5, there is excellent agreement be-
tween the filtered DNS data and the modeled stress tensor. Note that
good model correlation with the actual subgrid stress tensor does
not necessarily guarantee that the model is good. More tests are
required to ensure that other properties of the ideal model are met.
Toward this end, solvability,scaling, invariance, and realizability of
the new model are discussed in the following subsections.

A. Solvability

As discussed earlier, there are restrictions on the solvability of
Fredholmintegral equations. The dynamic Smagorinsky model (see
Ref. 1) and the dynamic one-equation model of Ghosal et al.' in
general do not meet the solvability requirements. However, the new
one-equationmodel does meet the solvabilityrequirements. A check
of the solvability for the new modelis made by determiningthe roots
of the characteristicmatrix (47). As can be seen fromFig. 6, the roots
do not span unity and, therefore, the Fredholm integral equations
are solvable.

B. Scaling

The scaling assumption made in the new nonviscosity model for-
mulation is checked by comparing the scaling of the proposed new
model to that of the one-equation model of Ghosal et al.'* using the
variance defined in Eq. (40). A PDF of the normalized variation in
the coefficients at the two filter levels for the two different models is
shown in Fig. 7. Because the values of o, are closer to zero, the new
model shows significantly better scaling characteristicsbetween the
filter levels. The improved scaling validates the assumption of a
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Fig.5 Contour plots of 7p5.
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Fig. 6 PDF of eigenvalues of characteristic matrix (new one-equation
model).

single tensor coefficient at both filter levels that was made in the
formulation of the new model. In addition, the benefit of the im-
proved scaling can also be seen in contour plots of the subgrid scale
stress tensor (Figs. 4 and 5).

C. Frame Invariance

Because the actual subgrid stress tensor is frame invariant, it is
reasonable to insist that the model for the subgrid stress tensor be
frame invariant. To verify the frame invariance of the new model, it
is necessaryto evaluatethe frame invarianceof each term in the new
model. It is easy to show that the Leonard term L;; and the subgrid
kinetic energy k or K are frame invariant.!* Because each term in
the integral equation (53) for the tensor coefficients ¢;; is frame
invariant, the tensor coefficients are frame invariant, and, thus, the
one-equationnonviscosity model is frame invariant.

D. Realizability
Finally, we briefly discuss realizability of dynamic subgrid mod-
els. Schumann'® has shown that for a subgrid scale stress tensor to



696 POMRANING AND RUTLAND

1.6 T T T T

Ghosal Model
14 1

Non-Viscosity Model

P(f)

Fig.7 PDFs showing the scaling of model coefficients at different filter
sizes, where o, is defined in Eq. (40) and values near zero indicate good
scaling.

guarantee a realizable solution, the following conditions cannot be
violated:

Tij > 0 for i :j (55)
T S Ty for i (56)
det(ri.,») > 0 (57)

For nonnegativefilters, the realizability conditions also hold for the
LES subgrid stress tensor.2*

For the DNS case considered, the nonviscosity model was found
to satisfy the realizability conditions 100% of the time. Of course,
this is a very limited data set and does not constitute a proof. How-
ever, based on experience and preliminary analysis, we postulate
without proof that conditions for realizability of subgrid models
will be related to issues of scaling and solvability of the underlying
equations.

VI. Subgrid Kinetic Energy Model

The dynamic, nonviscosity based subgrid stress model just pre-
sented requires the subgrid turbulent kinetic energy. This can be
obtained from a transport equation that is developed in this sec-
tion. The equationintroduces several additional unclosed terms that
require modeling. Issues relevant to modeling these terms are ex-
plored,and appropriatemodels are formulated. These models should
be as accurate as possible because the subgrid kinetic energy has
a direct impact on subgrid models for stress and potentially scalar
transport. Note that ensemble averaging is not used in LES so that
resorting to statistical arguments is avoided. Also, in keeping with
the nonviscosity nature of the preceding subgrid stress model, tur-
bulent eddy viscosity ideas are not used in modeling terms of the
kinetic energy equation.

To develop a modeled subgrid kinetic energy equation, we start
with the exact incompressible subgrid kinetic energy equation
(10). An examination of Eq. (10) reveals that there are three new
terms that must be modeled: the pressure-velocity term, the triple
correlation term Ty, ;» and the dissipation term . Note that by
using the Cauchy-Schwarz inequality for nonnegative filters, the
subgrid kinetic energy and the dissipation term can be shown to be
positive.'

Again, because the subgrid stress is dynamically estimated using
the subgrid kinetic energy, it is critical that the unclosed terms be
modeled as accurately as possible. To gain insightinto the unclosed
terms, it is useful to look at the infinite series expansions for each
term. For a regular uniform grid (dx = dy = dz) Bedford and Yeo®
derived _

— af ag 1 _ ., *f %%
— fg=2q——— 4 —_(2q)——
L T T TLC i vo o o
1 Pf g
+=(Qa)? + e 58
312" Sxan 9x. aniox 0%, (58)

where
a(y) = / x2G(x,y)dx 59)

and G(x, y) is the filter function. For a box filter, it is easy to show
that o = A?/24. These series can be derived by repeated use of
Taylor series expansions and a great deal of algebra. They are ex-
tremely useful because they relate an unknown term to an infinite
series of known terms. Thus, they can provide important guidance
in developing and evaluating models of unclosed terms. Note that
Eq. (58) implies that given any resolved field, filter size, and filter
shape there is only one consistent subgrid stress.

The first term that we will examine is the triple correlation term
Tyuiu; - Using Eq. (58) and setting f = u;u; and g =u; gives

oG u; + ---) du;
g—t 777

Tll‘ll‘ll' = 2
B 0xg 0xk
1 2w + ) 3%
TR WU SRR (60)
2! 8xk8x, 8xk8x,

Thus, we will seek a model that, when expanded as an infinite se-
ries, is similar to Eq. (60). One such model for 7,,,,,; is 2u; 7,
or, equivalently,2(w;u;u; — u; u; u;). The series expansion for this
model is

_ _ ou; ou; _ 1 ) 8%u; a%T,
2u; iy = 2u; Qo) —— + 2u; — Qo) ——————
’ 0X 00Xy 2! 0X;0X; 0X,0X;

(61)

An examination of Egs. (60) and (61) reveals that the first terms in
the series are identical. Also, the expansion shows that the leading
error term is fourth order in space. Thus, this model is adopted for
the triple correlation term.

An alternative approach might be to use the expanded series (60)
directly. However, this approach generates more terms and requires
significantly more computational effort. Furthermore, the form of
the first model (61) nicely cancels with an existing term in the sub-
grid kinetic energy equation (10).

The second term to be modeled is the pressure-velocity term. This
term may be modeled directly using Eq. (58). Setting f =9 P /dx;,
g =u;, and substituting into Eq. (58) gives

oP __ 9P 5 2P ouw ©2)
Yo, i ax; “axiaxk Xy +

If just the first term of the series is kept, the leading error term is
fourth order in space. Note that as many terms as desired can be
kept to make the order of accuracy of the model as high as desired.
However, adding higher-order terms is computationally expensive.
Also, in many cases, the pressure term effects are small relative to
the productionterm z;;S;; and the dissipationterm ¢, and, therefore,
the term may be neglected.

The last term that needs to be modeled is the dissipation term
e. This term is the most difficult to model because the majority
of dissipation occurs at high wave numbers. In LES, these scales
are poorly resolved or completely unresolved, making it difficult
to estimate. Unfortunately, an accurate estimate of the dissipation
is critical because the dissipation and production terms are typi-
cally the largest terms in the subgrid kinetic energy equation. In
the following paragraphs, several alternative methods of modeling
dissipation are discussed.

A natural approach to model the dissipation might be a dynamic
model. An analogous Leonard-type dissipation term is defined by

D= 0u;  Ou; U A
JOY (s R Ao ) I (63)
dx; dx; 0x; 0x;

where ¢ and ¢, are the dissipationsat the grid and test level, respec-
tively. Note that by using the Cauchy-Schwarz inequality it is easy
to show that L, is always positive. The Leonard-type term for dissi-
pationis useful because it exactly gives the differencein dissipation
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at the two filter levels. Replacing the dissipations with models and
adding a dynamic coefficient gives

L, = Cé&_model —EEodel (64)

Unfortunately,a dissipationmodel that scales well at both filter lev-
els could not be found, and, therefore, this approach could not used.

A second approach to modeling the dissipation would be to add
an additional transportequation for subgrid dissipation. The incom-
pressible subgrid dissipation equation is given by

de +_$ n 3Ty, p N 526
o7 Twivgu; — v _
ot ’a kU ax, axjaxj d
au_l a a i a u; e
+2v——i _ 9, ©5)
dx; 9x; dxy X,
where
B, dup 0w, O 0wy 0w,
Tujugu; = 2v O Ok 0% D% Ok 9% (66)
0x; 0x; dx; dx; dx; dx,
0 (uidP\_ o (9w oP
Tu;p = 2| —| —— A i (67)
dx; \ 9x; 0x; 9x; \ 9x; ox;
W 32,71_ azu—i
gq =217 _ 68)
axkax_,» anan axkaxj axkaxj

8u 8u au au
Tupe =V U - (69)
8x 8x ax ax
The difficulty of adding a transport equation for dissipation is that
four additional unclosed terms are added. For this reason, this ap-
proach was not taken. However, it is believed that an accurately
modeled dissipation transport equation could significantly improve
the dynamic structure model.

A third approachmight be to directly model the dissipation using
the series expansion (58). A model of this type would take the form

ou w1 0’ 0’

e=va) + VE(Z(M)Z

0x;0x; 0x;0x; 0x;0x;0x; 0x;0x;0x;

(70)

The problem with this approachis that, as stated, for fully developed
turbulence the majority of the dissipation occurs at the high wave
numbers. This property requires keeping many terms in the series to
predictaccurately the dissipation. This is not desirable because the
higher-order derivatives are computationally expensive to evaluate
accurately. An additional issue is that this model does not respond
to the subgrid kinetic energy. In other words, the dissipationmay be
large where there is relatively little subgrid kinetic energy, or it may
be small where there is a relatively large amount of subgrid kinetic
energy. For these reasons, a model of this type was not used.

The final approach that was used to develop a model for the
dissipation was to make it a function of the subgrid kinetic energy
k. Expanding the subgrid kinetic energy in its infinite series form
gives

ou; 8_ o 07U ’u;  9%u;
2k = 20— — ( o) —— ——
0x; 8x., 0x;0x; 0x;0x;
T T AR AT 1)
—2a)’
3! ax_,»axkax, 8x_,»8xk8x,

As an aside, Eq. (71) can also be used to initialize the subgrid
kinetic energy field. Rearranging Eq. (71) to match the form of
the dissipation equation (70) gives

2! du; 3y 9%u;  8%u;
—| 2k — 20— = Quw)
Ca) 0x; 8x., 0x; axk 0x;0x;

+2!(2 )? T i + (72)
= (2a
3! ax_,»axkax, 8x_,»8xk8x,

where we divided by « by assuming that the computational grid
is uniformly spaced (dx =dy =dz). Comparing Eq. (72) to (70)
reveals that the first term in the series of Eq. (72) is the same as
the first term of Eq. (70) except for the viscosity coefficient. The
remaining terms in the series (72) are smaller than the terms in
the dissipation series (70). Nevertheless, a reasonable model for

dissipationis
2! du; ou;
v 2% — 2q 2L (73)
Ca) 0x; dx;

Note that, with reference to Eq. (72), it is clear that, for an accurate
estimate of the subgrid kinetic energy, the dissipation predicted by
Eq. (73) must be positive. The series also indicates that the dissipa-
tion will be underpredicted. The first term in the dissipation model
series (72) is identical to the first term in the exact series (70); how-
ever, the series underpredicts each of the higher-order terms when
compared to the exact series. In practice, the model for dissipation
tends to stay positive except at relatively high Reynolds numbers.
Thus, for these reasons the model is not acceptable.

To correct for the difficulties in using Eq. (73) directly and to
accountfor the dissipationat the smaller scales, it is useful to look at
a series thatis similar to the actual dissipationseries. The expansion
of the Leonard-type term for dissipation can be written as

ou;, ou; ou; ou; %u,  3%u;
L=v|———-—— | =vQa)
j 0x; 0x;0x; 0x;0x;

~
E =

e 20)? GALTEEN (74)
V— (L e
2! 0x;0x,0x; 0x;0x;0x;

The Leonard-type term L, can be calculated exactly from the re-
solved field. Note that the test filtering operation in Eq. (74) has
beenreplaced with a second grid level filtering operation. This form
was found to be more accurate for the dissipation model developed
hereafter. Subtractingthe first term in the series (74) from both sides
gives

a%u,  9%u,
L, —v(Qax)
0x;0x; 0x;0x
1 O, O,
=v—_a)* + - (75)
2! 0x;0x,0x; 0x;0x;0%;

The left-hand side of Eq. (75) gives an estimation of the truncation
error of the twice-filtered field. This expression is used to estimate
the truncation error in Eq. (73). Normalizing Eq. (75) by the first
term of the series gives a ratio of the relative magnitudes of the
first term in the series compared to the remaining terms. This ratio
can now be used to correct the model for dissipation (73). The new
model for dissipationis now

N 2! 8ul aul
e=|v 2k — 2«
Qo) ax 8x
2! ou; 0y ou; o
+C.|v 2%k — 2g 0t 2
QQa) 8x ax
;Mg 0*u;
X (L, —v(Quw) _— v(2 ) e
0x;0x; 0x;0x 0x; axk 0x;0x;

(76)

where C, is a model constant that is set to 0.667 based on results
presented hereafter. With this final form for the dissipation term, a
complete model for the subgrid kinetic energy transport equation
has now been formulated.

Note that, unlike typical dissipationmodels, the preceding model
contains the molecular viscosity as a coefficient. Here, an attempt
has been made to approximate the actual dissipation with a model
formulated from the series expansions for dissipation. Although the
dissipationmodel is functional, it is far fromideal for three reasons.
First, for a poor estimate of subgrid kinetic energy, the dissipation
may become negative (in which case dissipation may be clipped).
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Second, to derive the model, a uniform grid was assumed. Last, a
model constantmust be set. For these reasons, work is continuingon
developing a better dissipation model. However, as will be shown
later in the paper, for the test case considered, the dissipationmodel
performs adequately.

Even though a complete model has been formulated, the issues
of filter size and shape have not been addressed. These issues are
critical to obtaining good results because an inappropriatefilter size
used to determine o will give poor results. In addition, the correct
filter size and shape are important for comparing LES results to
DNS results. Note that the first filter that is, the grid filter implied
by the test filter can be any size. The common choice of selecting
the filter size equal to the grid size is completely arbitrary and may
not be the best choice.

Three different filter shapes are examined herein: a box filter,
a triangle filter, and a Gaussian filter. To determine an acceptable
filter size and shape, it is easiest to view them in wave space. We
consider a case of a periodic domain of 27 with 64 grid points.
Figures 8-10 show the Fourier transform of the Gaussian, box, and
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Fig. 10 Triangle filter in wave space.

triangle filter for this case with three different filter sizes, A =1,
2, and 4. Any wave number greater than 32 cannot be reasonably
resolved, and, therefore, it is crucial that the filter completely damp
wave numbers greater than 32. Figures 8-10 show that if the first
filter is chosen equal to the grid size, the filters do not significantly
dampen the higher wave numbers. In our experience, filters of ap-
proximately two to four times the grid resolution are appropriate
and are used to determine the « factor in the dissipation model (76)
and for comparing LES results to DNS results.

An appropriate filter shape is more difficult to determine. In dy-
namic modeling, the first filter and the second filter shapes (here,
the second filter function G, is defined by G * G) are not explicitly
specified; only the test filter shape is specified. However, the first
filter is related to the test filter by the following expression?:

G=G(A/8)* G(A/8*) %% G(A/5®) (77)

where § is the ratio of the second filter width A, to the first filter
width A and the asterisk indicates the convolution operation. Un-
fortunately, the evaluation of Eq. (77) is an iterative procedure that
requires an infinite number of convolution operations per iteration.
However, to eliminate the iterations, one can assume that A, is the
same size as A. This is not correct but is done here so that the anal-
ysis can proceed. When A is set equal to four times the grid size
and A is set equal to six times the grid size, G can be estimated
from a truncated convolution expression. This is done for both the
box and the triangle test filter. These filters are shown in Figs. 11
and 12, where it is clear that the first filter calculated from the con-
volution expression damps the higher wave numbers better than the
box or triangle filter of comparable size. In fact, both filters deter-
mined from the convolution expression are very similar in shape
and appear to be somewhat Gaussian. The primary differenceis that
the first filter determined from the box test filter is slightly negative
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Fig. 11 Box filter given by the first term of Eq. (77); convolution filter
given by Eq. (77).
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------ Triangle Filter
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Fig. 12 Triangle filter given by the first term of Eq. (77); convolution
filter given by Eq. (77).
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in wave space at a wave number of 15; this is not the case for the
triangle filter. Despite this difference, it is apparent that the shape of
the test filter is not critical to the properties of the grid filter in wave
space. The grid filter, calculated in this manner, has significantly
better properties in wave space than the parent test box or triangle
filter.

VII. Model Test and Results

The only testing shown earlier of the nonviscosity model was to
compare the model predicted subgrid stress tensor to the filtered
DNS subgrid stress tensor. Although this test is significant, a more
complete test should consider the model capability for predicting a
time evolving flow. Thus, to validate the one-equation nonviscos-
ity model further, a comparison of the model is made to a DNS
simulation of decaying isotropic turbulence.

The DNS validation case was simulated using a pseudospectral
code.!” The Taylor scale Reynolds number ranged from approxi-
mately 1000 initially to approximately 60 at the end of the sim-
ulation. A three-dimensional periodic box with a domain size of
27 is considered with a grid resolution of 1923. The initial energy
spectrum is shown in Fig. 13. Note that this simulation is much
larger than the DNS case used earlier to check the integral equation
solvability of different LES models.

The LES simulations use a finite difference nondissipative code
that is eighth-order accurate in space and third-order accurate in
time.?” For the LES case, the grid resolution is 64°. The grid level
filter is four times the grid spacing and the test filter, which is a
trianglefilter, is six times the grid spacing. The LES filtered velocity
field is initialized by filtering the DNS field appropriately, whereas
the initial subgrid kinetic energy field is determined from Eq. (71).

Because it is expensive to solve Fredholm integral equations, for
this simulation the algebraic form of the model is used where the
tensor coefficient ¢;; is removed from the integral. This cannot be
strictly justified because the tensor coefficient is a function of space.
The effect of removing the coefficient from the integral can be seen
from the contour plots of the coefficients for both the integral and
algebraic form of the model (Fig. 14). For both cases, the large
structures are very similar, with more detail in the algebraic form
of the model. The effect of leaving the coefficient inside of the
integral is, of course, to smooth the coefficient field. This can also
be clearly seenin Fig. 15, where the PDF of the coefficients for both
a diagonal and off-diagonal term are shown. Note that, because of
the improvements made in the formulation of the model, it is not
as critical to leave the coefficients inside of the integral, that is, the
coefficients are not as strong a function of space as in other models.
In particular, the model formulation is such that the diagonal terms
of the tensor coefficients must sum to two, and each term must
be positive; for most LES models, there is no restriction on the
magnitude of the coefficient.

To compare the LES model to the DNS case, a grid level filter
shape must be specified. As discussed earlier, the grid level filter
shapeis neverexplicitly specified in an LES simulation. Even though
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Fig. 13 Initial energy spectrum for the large validation DNS simula-
tion; the maximum energy is at a wave number of 2.0.

Fig.14 Contour plot of tensor coefficient (c;;) at time 3 s; contours are
evenly distributed from 0.2 to 1.6 in both plots: a) coefficients left inside
of integral (integral form of the model) and b) coefficients removed from
integral (algebraic form of the model).

1.8 T T T T T T
integral

algebraic — —

08 -

P(f)

02

a)

18 |- integral

16 L algebraic — —

08

P(f)

06 -
04

02

-1 -08 06 -04 -02 0 02 04 06 038 1
b) ‘12

Fig. 15 PDF of the tensor coefficient at time 3 s for a) diagonal term
c11 and b) off-diagonal term cy;.



700 POMRANING AND RUTLAND

1.6 T T T T T T

LES64 ——
14 F~ -

DNS 192 - - - -

12

08

Energy

06

0.2

Time (s)

Fig. 16 Comparison of LES calculated resolved energy u;u; to the
filtered DNS calculated energy.
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Fig. 17 Comparison of LES calculated total energy 2k +u; u; to the
DNS calculated energy u;u;.

it is not strictly correct, the grid level filter is assumed to also be a
triangle. This is done to simplify the numerical calculations. When
Fig. 12 is examined, it is clear that the actual grid filter, determined
from the convolutionexpression(77), is similar to the triangle filter;
however, the actual grid filter will remove slightly more energy from
the resolved field than a triangle filter.

Figure 16 shows a plot of the resolved energy from the LES
model and the resolvedenergy calculated by filtering the DNS field.
As expected, the predictedresolved LES energy field is slightly less
than the filtered DNS field. This is because the grid filter used to
calculate the filtered DNS field energy is approximatedby a triangle
filter. Nevertheless, there is good agreement between the two fields.
Twice the total energy u; u; in a LES simulationcan be approximated
by addingtwice the subgridenergy to the resolvedenergy. In Fig. 17,
a comparison of the total LES energy is made to the DNS energy
field. In this case, there is also good agreement.

To gain insight into the one-equation nonviscosity model, it is
useful to view the resolved energy spectrum in wave space. Ideally,
the energy at the low wave numbers will be unaffected by the LES
model, and the energy at the higher wave numbers will be reduced
or truncated. Figure 18 compares the energy spectrum of the LES
simulation to an underresolved (no model) simulation and to a DNS
simulation. As can be seen, in the LES simulation, the energy at the
higher wave numbers is significantly reduced, whereas the energy
at the lower wave numbers is largely unaffected by the model. In
contrast, for the underresolvedcase, a significant amount of energy
is piling up at the higher wave numbers.

To verify that the subgrid scale model s significantly affecting the
resolvedfield, a comparisonis made, in Fig. 19, of the LES resolved
field to the underresolved case. As expected, the LES predicted
resolved energy is significantly less than the underresolved case.

1 —_—
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01 _:
o 001 & 4
24 E
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Fig. 18 Energy spectrums in wave space at a simulation time of 3 s;
three cases are shown: an underresolved case (no model), a DNS case,
and an LES case.
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Fig. 19 Comparison of LES resolved energy u; u; to the energy of an
underresolved simulation (no model) 64° grid points.
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Fig. 20 Comparison of LES calculated subgrid Kkinetic energy to the
filtered DNS subgrid Kkinetic energy.

The lower energy level in the LES simulationis due to the reduction
of energy at the higher wave numbers, as shown in Fig. 18.
Because the subgrid kinetic energy is the scaling term for the
one-equation nonviscosity model, it is critical that the LES model
accuratelypredictsthe subgridkineticenergy. Figure 20 shows a plot
ofthe LES calculatedsubgridkineticenergy comparedto the filtered
DNS subgrid kinetic energy. As can be seen, there is good agree-
ment. This plot also indicates that the production and dissipation
models are performing adequately and that they are properly bal-
anced. Shown in Fig. 21 is a plot of the subgrid dissipation ¢ and
subgrid production, 7;; S;;, terms in the subgrid kinetic energy trans-
port equation. The subgrid production and the subgrid dissipation
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Fig.21 LES subgrid dissipation € and production T;; E as a function
of time.

perform as expected. Initially, when all of the energy is at the large
scales (see Fig. 18) energy is cascading to the smaller scales, and,
therefore, productionof subgridkineticenergyisincreasing.Laterin
the simulation, when the subgrid kinetic energy is large (indicating
more energy at small scales) the dissipationincreasesappropriately.
Finally, toward the end of the simulation, when little energy is left,
both the subgrid dissipationand subgrid productiondecay. Note that
these values are averaged over the entire domain. Locally, produc-
tion may be negative (accounting for backscatter), but, when aver-
aged over the entire domain, subgrid production is always positive.

VIII. Conclusions

A new dynamic one-equation nonviscosity LES model or dy-
namic structure model has been introduced. The new model esti-
mates the actual subgrid stress tensor using the dynamic methodol-
ogy to obtain a tensor coefficient and from a transport equation for
the subgrid kinetic energy. The nonviscosity model formulation re-
moves the problemsand mathematicalinconstanciesassociatedwith
common LES viscosity subgrid models, especially those based on
the resolved scale strain rate.

Integral equations are fundamental to the dynamic approach. The
integral equations that result from the one-equation nonviscosity
model have been shown to be solvable; this is not the case for the
dynamic Smagorinsky model (see Ref. 1) and the dynamic one-
equation model of Ghosal et al.'*> Even though most formulations
remove the dynamic coefficient from the integral and avoid solv-
ability issues, we believe the underlying solvability of all dynamic
models should be addressed to avoid potential inconsistencies.

It has been shown that the conventional dynamic models do
not scale well with the filter level. This poor scaling is one fac-
tor that leads to a poor estimate of the actual subgrid stress ten-
sor. The new one-equation nonviscosity model has been shown to
scale much better than conventional models because it relies on the
subgrid turbulent kinetic energy for scaling. The improved scaling
leads to a significantly better estimate of the actual subgrid stress
tensor.

In the case of decaying isotropic turbulence, the new dynamic
structure model has been shown to compare well with DNS results.
The model correctly predicts the proper amount of both the resolved
and the subgrid kinetic energy at all times. Finally, we note that the
new model and its general approach could be extended to scalar
transport modeling.
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